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A state space formalism for generalized anisotropic thermoelasticity accounting for thermomechanical coupling and
thermal relaxation is developed, which includes the classical thermoelasticity as a special case. By properly grouping
the ﬁeld variables using matrix notations, the basic equations of thermoelasticity are formulated into a state equation
and an output equation in terms of the state vector. To obtain the solution for a speciﬁc problem it suﬃces to solve
the state equation under the prescribed conditions. For weak thermomechanical coupling an asymptotic solution can
be obtained by using the method of perturbation with multiple scales. Propagation of plane harmonic thermoelastic waves
in an anisotropic medium is studied within the context.
 2006 Elsevier Ltd. All rights reserved.
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When a thermoelastic problem is formulated under the assumption that heat conduction in solids is inde-
pendent of the elastic deformation, the problem may be solved by determining ﬁrst the temperature distribu-
tion in the solid from the equations of heat conduction and then the thermal stresses from the equations of
elasticity in which the temperature change is incorporated as a known function (Boley and Weiner, 1960).
When the temperature changes due to the elastic deformation cannot be neglected, it is necessary to determine
the thermal and mechanical ﬁelds in the body concurrently. It is well known that the classical theory of ther-
moelasticity (Nowacki, 1975, 1986) rests upon the hypothesis of the Fourier law of heat conduction, in which
the temperature distribution is governed by a parabolic-type partial diﬀerential equation. As a consequence,
the theory predicts that a thermal signal is felt instantaneously everywhere in a body. This implies an inﬁnite
speed of propagation of the thermal signal and is unrealistic from the physical point of view, especially for
short-time responses. To account for the eﬀect of thermal relaxation, generalized thermoelasticity has been0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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that the temperature distribution is governed by an equation of the hyperbolic type. As such, heat transport in
solids is regarded as a wave phenomenon rather than a diﬀusion phenomenon. Extensive literature survey on
the subject can be found in the review articles by Chandrasekharaiah (1986, 1998).
Due to thermomechanical coupling and material anisotropy, it is diﬃcult to solve an anisotropic thermo-
elastic problem. The conventional approaches aim to eliminate the unknowns as many as possible. For isotro-
pic media the basic equations can be simpliﬁed to a coupled system of conduction and wave equations by
decomposition of the displacement vector into the potential and solenoidal parts (Nowacki, 1975, 1986), nev-
ertheless, the boundary conditions in terms of the unknown functions become intricate. When thermal relax-
ation in anisotropic media is considered, vector decomposition does not lead to simpliﬁcation. Elimination of
unknowns results in cumbersome higher-order governing equations in terms of the displacement components
and temperature change (e.g., Hawwa and Nayfeh, 1995; Verma and Hasebe, 2001; Verma, 2002). For certain
problems of isotropic thermoelastic media which involve a single spatial variable in particular, by taking the
Laplace transform with respect to the time variable, the governing equations reduce to a set of equations that
can be arranged in the same form as the state equation for a linear system so that the methods of matrix alge-
bra (Pease, 1965) can be used to determine the solution in the transform space. In this connection the
approach was named as the state space approach by some authors (e.g., Bahar and Hetnarski, 1978; Anwar
and Sherief, 1988; Ezzat et al., 2001). To recover the solution in the physical space, it is necessary to perform
the Laplace inversion by using a numerical method. In view of the diﬃculties encountered in the conventional
approaches, this paper is concerned with developing a novel formalism and solution approach for generalized
thermoelasticity of anisotropic bodies.
Recently, we have presented a state space formalism for anisotropic elasticity and piezo-thermoelasticity
(Tarn, 2002a,b,c). The underlying concept of the formalism is to treat the elastic or piezoelectric body as a
linear system and to derive the state equation from the basic equations without eliminating the ﬁeld variables.
In this paper we extend the formalism to generalized thermoelasticity of anisotropic bodies. By properly
grouping the stress components using matrix notations and judiciously choosing the unknown ﬁeld variables
to form the state vector, the 3D equations of generalized anisotropic thermoelasticity are formulated into a
state equation and an output equation in which the state vector is the only unknown to be sought. As such,
to obtain the solution for a speciﬁc problem, it suﬃces to solve the state equation under the prescribed con-
ditions. When thermomechanical coupling is weak, an asymptotic solution for the problem can be determined
by using perturbation with multiple scales. It is shown that, by means of asymptotic expansion with respect to
a small coupling parameter, the state equation is decomposed into two sets of equations that are essentially the
same as those of the uncoupled thermoelasticity. Thus an asymptotic solution can be determined by using the
two-step procedure of uncoupled theory in a successive manner. Introduction of the multiple time scales
enables us to examine the time dependence of the thermoelastic responses closely and to obtain a valid asymp-
totic solution in a systematic manner. As an illustration, propagation of plane harmonic thermoelastic waves
in unbounded anisotropic media is studied. Eﬀects of thermomechanical coupling and thermal relaxation are
evaluated through the analytic solutions for the problem considering both strong and weak couplings. The
frequency relationship of the thermoelastic waves in the case of closeness of phase velocities is derived in
particular.
2. State space formulation
The linear thermoelastic constitutive equations for anisotropic materials arer11
r22
r33
r23
r13
r12
2666666664
3777777775
¼
c11 c12 c13 c14 c15 c16
c12 c22 c23 c24 c25 c26
c13 c23 c33 c34 c35 c36
c14 c24 c34 c44 c45 c46
c15 c25 c35 c45 c55 c56
c16 c26 c36 c46 c56 c66
2666666664
3777777775
e11
e22
e33
2e23
2e13
2e12
2666666664
3777777775

b1
b2
b3
b4
b5
b6
2666666664
3777777775
h; ð1Þ
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where eij = 0; cij and bi are the elastic constants and the thermal coeﬃcients, respectively. The material con-
stants are assumed to be independent of temperature.
A modiﬁed Fourier law for heat conduction in anisotropic media accounting for thermal relaxation (Dhal-
iwal and Sherief, 1980; Chandrasekharaiah, 1986, 1998) isð1þ gotÞ
q1
q2
q3
264
375 ¼  k11 k12 k13k21 k22 k23
k31 k32 k33
264
375 o1o2
o3
264
375h; ð2Þwhere ot and oi stand for the partial derivatives with respect to t and xi, respectively; qi denotes the heat ﬂux in
the xi direction; kij are the components of the conductivity tensor; g is a non-negative thermal relaxation
parameter. The classical Fourier heat conduction is recovered by setting g = 0. The conductivity coeﬃcients
are symmetric, kij = kji, and limited by kiikjj  k2ij > 0 (i5 j, no summation on i and j).
An alternative way to express the modiﬁed Fourier law is given byq1
q2
q3
264
375 ¼  1
g
Z t
1
exp
n t
g
  k11 k12 k13
k21 k22 k23
k31 k32 k33
264
375 o1o2
o3
264
375hðx1; x2; x3; nÞdn; ð3Þwhich can be obtained by taking the Laplace transform of Eq. (2) for g5 0.
The linear strain–displacement relations areeij ¼ ðojui þ oiujÞ=2; ð4Þ
where ui are the displacement components.
The equations of motion areojrji ¼ qottui; ð5Þ
where q is the mass density of the medium.
The linearized heat balance equation accounting for the interaction of temperature and deformation (Now-
acki, 1975) isoiqi þ T 0bijoteij þ ceoth ¼ Q; ð6Þ
where the usual index notation and summation convention are used, T0 is the temperature of the medium in
the natural state; ce is the speciﬁc heat at constant strain; Q denotes the heat sources or the quantity of heat
generated in a unit volume and unit time. The equation holds for jh/T0j  1.
Following the state space formalism for anisotropic elasticity (Tarn, 2002a), we group the stress compo-
nents into two parts: one consists of the traction vector (r12,r22,r23) on the planes x2 = constant, another con-
sists of the remaining components. By partitioning the constitutive matrix accordingly, Eq. (1) can be
expressed asr1
r2
 
¼ C11 C12
CT12 C22
 
e1
e2
 
 b1
b2
 
h; ð7Þwherer1 ¼ r13 r11 r33½ T; r2 ¼ r12 r22 r23½ T;
e1 ¼ 2e13 e11 e33½ T; e2 ¼ 2e12 e22 2e23½ T;
b1 ¼ b5 b1 b3½ T; b2 ¼ b6 b2 b4½ T;
C11 ¼
c55 c15 c35
c15 c11 c13
c35 c13 c33
264
375; C12 ¼ c56 c25 c45c16 c12 c14
c36 c23 c34
264
375; C22 ¼ c66 c26 c46c26 c22 c24
c46 c24 c44
264
375:
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e2
" #
¼ L1u
L2u
" #
þ o2
0
u
" #
; ð8Þwhereu ¼ u1 u2 u3½ T; L1 ¼ K1o1 þ K2o3; L2 ¼ K3o1 þ K4o3;
K1 ¼
0 0 1
1 0 0
0 0 0
264
375; K2 ¼ 1 0 00 0 0
0 0 1
264
375; K3 ¼ 0 1 00 0 0
0 0 0
264
375; K4 ¼ 0 0 00 0 0
0 1 0
264
375:The equations of motion can be arranged into a single matrix equation:o2r2 þ LT1r1 þ LT2r2 ¼ qottu: ð9Þ
In the state space formalism for anisotropic elasticity (Tarn, 2002a,b), the state vector consists of the dis-
placement vector u and the stress vector r2. In formulating the basic equations of generalized thermoelasticity
into the state space setting, we choose the temperature distribution h and the heat ﬂux q2 in addition to u and
r2 to form the state vector since they are directly associated with the boundary conditions or the interfacial
continuity conditions on the planes x2 = constant. Moreover, it is expedient to take (1 + got)qi instead of qi
as the unknown variables in deriving the state equation. Upon taking theses variables to form the state vector,
Eqs. (2), (6)–(9) can be formulated into a state equation and an output equation as follows:o
ox2
u
h
r2
p2
266664
377775 ¼
D11 bc C
1
22 0
0 d1 0 k122
D21 þ qIott LT1 c DT11 0
T 0cTL1dt d2  ðce þ bT 0Þdt T 0bTc dt d1
266664
377775
u
h
r2
p2
266664
377775þ
0
0
0
W
266664
377775; ð10Þ
r1
p1
p3
264
375 ¼ Q11L1 c C12C
1
22 0
0 j11o1  j13o3 0 k122 k12
0 j13o1  j33o3 0 k122 k23
264
375
u
h
r2
p2
266664
377775; ð11Þwhere I denotes the 3 · 3 identity matrix, andpi ¼ ð1þ gotÞqi; W ¼ ð1þ gotÞQ;
Q11 ¼ C11  C12C122 CT12; c ¼ b1  C12C122 b2; jij ¼ kij  ki2k122 k2j;
D11 ¼ L2  C122 CT12L1; D21 ¼ LT1Q11L1; bc ¼ C122 b2; b ¼ bTc b2;
d1 ¼ k122 ðk12o1 þ k23o3Þ; d2 ¼ j11o11 þ 2j13o13 þ j33o33; dt ¼ ot þ gott:It can be shown by using the Laplace transform that qi are related to pi byqiðx1; x2; x3; tÞ ¼
1
g
Z t
1
exp
n t
g
 
piðx1; x2; x3; nÞdn; g 6¼ 0: ð12ÞThus, the heat ﬂux variable qi is readily obtained once pi is determined.
Eqs. (10) and (11) embrace the 3D equations of generalized thermoelasticity in full. Their counterparts for
classical thermoelasticity are obtained by letting g = 0. To determine the solution for a speciﬁc problem the
state equation is to be solved together with the prescribed conditions that are expressed in terms of direct phys-
ical variables. Once the state vector is found, all the unknown ﬁeld variables follow.
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On deﬁning the nondimensional quantitiesx ¼ x1
a
; y ¼ x2
a
; z ¼ x3
a
; s ¼ k22
a2ce
t; a ¼ k22
ce
ﬃﬃﬃﬃﬃﬃ
q
c22
r
;
bui ¼ uia ; brij ¼ rijc22 ; h^ ¼ b2c22 h; bqi ¼ ab2k22c22 qi;
c^ij ¼ cijc22 ; k^ij ¼
kij
k22
; b^i ¼ bib2
; g^ ¼ k22
a2ce
g; bQ ¼ a2b2
k22c22
Q;
ð13Þthe state equation and the output equation are made dimensionless as follows:o
oy
u^
h^
r^2
p^2
26664
37775 ¼
bD11 b^c bC122 0
0 bd 1 0 1bD21 þ Ioss bLT1bc bDT11 0
c^TbL1d^ t d^2  ð1þ b^Þd^ t bbTc d^ t d^1
266664
377775
u^
h^
r^2bp2
26664
37775þ
0
0
0bW
26664
37775; ð14Þ
r^1
p^1
p^3
24 35 ¼ bQ11bL1 c^ bC12 bC122 00 j^11ox  j^13oz 0 k^12
0 j^13ox  j^33oz 0 k^23
264
375
u^
h^
r^2
p^2
26664
37775; ð15Þwhere the quantity with a hat denotes the corresponding nondimensional quantity.
The coupling parameter  in Eq. (14) is a dimensionless constant deﬁned by ¼ b
2
2T 0
c22ce
: ð16ÞWhen  = 0, there is no coupling. For isotropy, c22 = k + 2l, b2 = (3k + 2l)a, where k, l are the Lame´ con-
stants, a is the thermal expansion coeﬃcient, then ¼ ð3kþ 2lÞ
2a2T 0
ðkþ 2lÞce ; ð17Þreproducing the coupling constant for isotropic thermoelastic media (e.g. Boley and Weiner, 1960, p. 42;
Chadwick, 1960; Achenbach, 1973, p. 393; Sneddon, 1974; Nowacki, 1975). The magnitude of  at 20 C
for metals is generally of the order 102, for example,  = 3.56 · 102 for aluminum,  = 1.68 · 102 for cop-
per,  = 2.97 · 102 for iron,  = 7.33 · 102 for lead (Chadwick, 1960; Sneddon, 1974). For a typical unidi-
rectional Gr/Ep composite with E11 = 138 GPa, E22 = 8.96 GPa, G = 7.1 GPa, m12 = 0.3, m32 = 0.66,
q = 1.6 g/cm3, a11 = 0.3 (lm/m)/K, a22 = a33 = 28.1 (lm/m)/K, k11 = 4.62 W/(m K), k22 = k33 = 0.72 W/
(m K), ce = 1.6 J/(cm
3 K), the magnitude of  at 20 C is 6.55 · 103. Since  is much smaller than unity, it
is reasonable to expect that thermomechanical couplings are generally weak for common materials. But a
quantitative evaluation of the nature and extent of the eﬀects of thermomechanical coupling and thermal
relaxation can be obtained only through studying the analytic solution for a speciﬁc problem with and without
coupling and relaxation.
For the sake of simpliﬁcation, we shall drop the hat over a nondimensional quantity hereafter. It is under-
stood that all the quantities have been made dimensionless according to Eq. (13).
4. Perturbation with multiple scales
Taking  as the perturbation parameter, we seek the asymptotic solution to Eq. (14) of the formu h r2 p2½  ¼
XN
m¼0
m um hm r2m p2m½ : ð18Þ
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equations:o
oy
hm
p2m
 
¼ d1 1
d2  os  goss d1
 
hm
p2m
 
þ 0
F m
 
; ð19Þ
o
oy
um
r2m
 
¼ D11 C
1
22
D21 þ Ioss DT11
" #
um
r2m
 
þ bc
LT1 c1
 
hm; ð20ÞwhereF 0 ¼ W ; F m ¼ ðos þ gossÞðcTL1um1 þ bTc r2ðm1Þ þ bhm1Þ; m ¼ 1; 2; . . .
Eq. (19) is the state equation for heat conduction accounting for the thermal relaxation, in which the non-
homogeneous term is given by the lower-order solution. By setting g = 0, it reduces to the state equation of
heat conduction based on the Fourier law (Tarn, 2001; Tarn and Wang, 2003, 2004). Eq. (20) is the state equa-
tion for uncoupled thermoelasticity (Tarn, 2002a) in which the temperature change is known from Eq. (19).
Accordingly, it is possible to use the two-step procedure of uncoupled thermoelasticity to determine an asymp-
totic solution successively. We shall see, however, that a straightforward expansion does not lead to a valid
asymptotic solution for a problem due to the presence of secular terms in the higher-order approximations.
In order to obtain a valid asymptotic solution and to examine the time dependence of the dynamic
responses closely, let us introduce the multiple time scales (Nayfeh, 1981)sr ¼ rs; r ¼ 0; 1; 2; . . . ð21Þ
and regard the ﬁeld variables as functions of s0,s1,s2, . . . , where s0 is a fast scale, s1 a slower scale, s2 an even
slower scale, and so forth.
By using the chain rule of diﬀerentiationof
os
¼
XN
r¼0
r
of
osr
;
o2f
os2
¼
XN
r¼0
XN
s¼0
rþs
o2f
osross
; ð22ÞEqs. (19) and (20) becomeo
oy
hm
p2m
 
¼
d1 1
d2  oos0  g
o2
os20
d1
24 35 hm
p2m
 
þ 0
F m
 
; ð23Þ
o
oy
um
r2m
 
¼
D11 C
1
22
D21 þ I o
2
os20
DT11
264
375 um
r2m
 
þ Gm
Hm
 
; ð24Þwhere the nonhomogeneous terms Fm, Gm, and Hm are deﬁned by the lower-order approximations. Their
expressions at the ﬁrst two levels areF 0 ¼ W ; G0 ¼ bch0; H0 ¼ LT1 ch0;
F 1 ¼  oos0 þ g
o2
os20
 
cTL1u0 þ bTc r20 þ bh0
  o
os1
þ 2g o
2
os0 os1
 
h0;
G1 ¼ bch1; H1 ¼ LT1 ch1 þ 2
o2u0
os0 os1
:At the leading-order level, Eqs. (23) and (24) for m = 0 are solved for the state vector as a function of s0 and
the spatial coordinates, thereby the leading-order approximation that corresponds to the solution according to
uncoupled thermoelasticity can be determined by imposing the prescribed conditions for a speciﬁc problem.
Modiﬁcations of the approximation are obtained by solving Eqs. (23) and (24) for m = 1, in which the non-
homogeneous terms F1 and H1 depend on the time scale s1 as well as s0. Carrying on to the level of m = 2, the
time scale s2 enters in the picture through F2 and H2. As we proceed to higher levels, s3,s4, . . . come to play. It
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obtain a uniform expansion that leads to a valid asymptotic solution, whereas the straightforward expansion is
bound for failure. In the following sections we apply the formalism and the solution method to plane har-
monic thermoelastic waves propagating in an unbounded anisotropic medium. Both strong and weak cou-
plings are considered.
5. Plane harmonic waves
5.1. Strong coupling
Consider plane harmonic waves traveling in the direction of the unit vector n ¼ ½ n1 n2 n3 T in an
unbounded anisotropic medium in which there is no source or sink. We seek the state vector of the formu h r2 p2½  ¼ U / S u½  exp½ikðnTx csÞ; ð25Þ
where nTx = n1x + n2y + n3z; U, /, S, and u are the magnitudes of the associate state variables, i is the imag-
inary number, k is the wave number, the unknown constant c may be complex-valued such that the real part is
the phase velocity and the imaginary part is the attenuation rate of the waves.
Substitution of Eq. (25) into Eq. (14) yields a system of homogeneous algebraic equations, which can be
expressed in terms of U to getf½cð1 ikgcÞ þ iknTKnðK c2IÞ þ cð1 ikgcÞBnðBnÞTgU ¼ 0; ð26Þ
whereK ¼ N1 N2½ C N1 N2½ T;
N1 ¼
n1 0 0
0 n2 0
0 0 n3
264
375; N2 ¼ 0 n3 n2n3 0 n1
n2 n1 0
264
375; B ¼ b1 b6 b5b6 b2 b4
b5 b4 b3
264
375;the matrices C and K are the nondimensional 6 · 6 stiﬀness matrix in Eq. (1) and 3 · 3 conductivity matrix in
Eq. (2).
Eq. (26) has a nontrivial solution ifdet j½cð1 ikgcÞ þ iknTKnðK c2IÞ þ cð1 ikgcÞBnðBnÞTj ¼ 0; ð27Þ
yielding a 8th-degree polynomial equation to determine the unknown c for given n.
Determination of the roots of the complex Eq. (27) may run into diﬃculty, especially in case of repeated
roots or when certain roots are close to each other. To inspect the nature of the roots, Eq. (27) is rewritten asdet jfðicÞ  k½nTKnþ gðicÞ2g½Kþ ðicÞ2I þ ðicÞ½1 gkðicÞBnðBnÞTj ¼ 0: ð28Þ
Since all the coeﬃcients of ic are real, the eight roots of icmust be real or complex conjugate pairs. Hence, c
is purely imaginary or complex. For classical thermoelasticity, g = 0, Eq. (27) reduces to a 7th-degree polyno-
mial equation of c. In this case, at least one of the roots is complex-valued and depends on the wave number k.
Thus, thermoelastic waves in an unbounded anisotropic medium are dispersive and attenuated.
To each cn there corresponds an eigenvector so that the general solution for Eq. (14) isu h r2 p2½  ¼
X8
n¼1
an Un /n Sn un½  exp½ikðnTx cnsÞ; ð29Þwhere the constants of linear combination an are determined by invoking the initial conditions of the problem.
As a check of the validity of the solution, Eq. (26) for isotropic materials reduces tol
kþ 2l c
2
 
Iþ kþ l
kþ 2l nn
T þ cð1 ikgcÞnn
T
cþ ikð1 gc2Þ
 
U ¼ 0; ð30Þ
H.-H. Chang, J.-Q. Tarn / International Journal of Solids and Structures 44 (2007) 956–975 963reproducing the dimensionless equation for coupled thermoelasticity (g = 0) given by Chadwick (1960),
Achenbach (1973, p. 393). By taking  = 0 and g = 0, its elastic counterpart (Achenbach, 1973, p. 410) is
recovered.
Furthermore, if nTU = 0 such that the displacement are orthogonal to the propagation direction in an iso-
tropic medium, Eq. (30) gives us the dimensionless phase velocity for the transverse wavescT ¼ lkþ 2l
 1=2
; ð31Þregardless of thermal relaxation and coupling eﬀects.
If U = ±n such that the displacement is parallel to the propagation direction, Eq. (30) reduces toð1 c2Þ þ cð1 ikgcÞ
cþ ikð1 gc2Þ
 
n ¼ 0; ð32Þthen c is complex-valued and depends on k, implying the longitudinal waves are attenuated and dispersive. In
the limit case for k! 0,lim
k!0
c ¼ ð1þ Þ1=2; ð33Þindicating the phase velocity of the longitudinal waves is independent of the thermal relaxation time g.
As k!1, Eq. (32) becomes
ð1 gc2Þð1 c2Þ  gc2 ¼ 0; ð34Þindicating that c depends on the coupling parameter and the thermal relaxation time. For g = 0, the dimen-
sionless phase velocity of the longitudinal waves islim
k!1
c ¼ 1; ð35Þin accordance with Achenbach (1973).
We remark in passing that the above solution does not reveal the full content of the dispersion equation. To
evaluate the eﬀects of thermomechanical coupling and thermal relaxation, Eq. (26) may be expanded in pow-
ers of . It can be shown that perturbation with respect to  also leads to Eqs. (39) and (42) in the next section,
but the higher-order equations are too complicated to deal with.
5.2. Weak coupling
When thermomechanical coupling is weak, an asymptotic solution can be obtained by solving Eqs. (23) and
(24) in a successive manner. The solution of Eqs. (23) and (24) for m = 0 takes the formh0 p20½  ¼ /0 u0½  exp½ikðnTx ch0s0  dh1Þ; ð36Þ
u0 r20½  ¼ U0 S0½  exp½ikðnTx c0s0  d1Þ; ð37Þwhere /0, u0, U0, and S0 are the unknown magnitudes of the associated variables; the phase velocities and
attenuation rates at the leading-order level are given by the real parts and the imaginary parts of ch0 and
c0; dh1 and d1 are the phase angles, which are unknown functions of s1,s2, . . .
Substituting Eq. (36) into Eq. (23) yields,1 þ n2 1
gc2h0 þ ich0=k  ,2 ,1 þ n2
 
ik/0
u0
 
¼ 0; ð38Þwhere,1 ¼ k12n1 þ k23n3; ,2 ¼ j11n21 þ 2j13n1n3 þ j33n23:
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2gnTKn 1Þ1=2  i
2kg
; a ¼ 1; 2: ð39ÞSince ch0(a) is independent of the elastic constants, thermomechanical coupling has not entered in the pic-
ture at this stage. Moreover, when k > (4gnTKn)1/2, ch0(a) is complex-valued so that the heat transport exhib-
its wave characteristics, with the real part and imaginary part of ch0(a) being the leading-order approximations
of the phase velocity and attenuation rate of the thermal waves. When k 6 (4gnTKn)1/2, ch0(a) is purely imag-
inary so that the leading-order thermal ﬁeld decays exponentially with time without displaying wave charac-
teristics. This suggests that there exists a critical wave number kcr = (4gn
TKn)1/2 for the presence of thermal
waves, in accordance with the observation by Chester (1963). For classical thermoelasticity, ch0 = iknTKn,
which is also purely imaginary, implying an inﬁnite wave speed of thermal mode.
The homogeneous solution of Eq. (23) ish0
p20
 
¼
X2
a¼1
aha
/0ðaÞ
u0ðaÞ
" #
exp ikðnTx ch0ðaÞs0  dh1ðaÞÞ
	 

; ð40Þwhere aha are the constants of linear combination; dh1(a) are the phase angles associated with ch0(a), and/0ðaÞ u0ðaÞ
	 
 ¼ ,1 þ n2 ikðgc2h0ðaÞ þ ich0ðaÞ=k  ,2Þ	 
; a ¼ 1; 2:Substituting Eq. (37) into the homogeneous equation of Eq. (24) gives rise toA1 þ n2I C122
A2  c20I AT1 þ n2I
" #
ikU0
S0
 
¼ 0; ð41ÞwhereA1 ¼M2 þ C122 CT12M1; A2 ¼MT1Q11M1;
M1 ¼ K1n1 þ K2n3; M2 ¼ K3n1 þ K4n3:Upon eliminating S0, Eq. (41) reduces to a homogeneous equation in terms of U0, which has a nontrivial
solution ifdet j½N1 N2 C½N1 N2 T  c20Ij ¼ 0; ð42Þ
which yields a 6th-degree polynomial equation to determine three pairs of c0n (n = 1,2, . . . , 6) in the positive
and negative directions of given ni.
To each c0n there corresponds a U0n. Thus the homogeneous solution of Eq. (24) isu0
r20
 
¼
X6
n¼1
an
U0n
S0n
 
exp½ikðnTx c0ns0  d1nÞ; ð43Þwhere an are the constants of linear combination, andU0n S0n½  ¼ U0n ikC22ðA1 þ n2IÞU0n½ :
The particular solution of Eq. (24) isu0
r20
 
¼
X8
n¼7
an
U0n
S0n
 
exp ikðnTx c0ns0  d1nÞ
	 

; ð44ÞwhereikU0n
S0n
 
¼ A1 þ n2I C
1
22
A2  c20nI AT1 þ n2I
" #1
bc
MT1 c
 
/0ðaÞ; n ¼ 7; 8; ð45Þand we have set c07 = ch0(1), d17 = dh1(1), a7 = ah1, and c08 = ch0(2), d18 = dh1(2), a8 = ah2.
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p20
 
¼
X8
n¼1
an
/0n
u0n
 
exp ikðnTx c0ns0  d1nÞ
	 

; ð46Þ
u0
r20
 
¼
X8
n¼1
an
U0n
S0n
 
exp ikðnTx c0ns0  d1nÞ
	 

; ð47Þwhere ½/0n u0n  ¼ 0 for n = 1,2, . . . , 6; ½/0n u0n  ¼ ½/0ðaÞ u0ðaÞ  for n = 7,8. As mentioned before, the
leading-order approximation is the solution based on uncoupled thermoelasticity.
When c0n  ch0(a), the matrix to be inverted in Eq. (45) becomes singular or ill-conditioned so that the
expansion breaks down due to the presence of secular terms or small-divisor terms (Nayfeh, 1981). Under this
circumstance, Eq. (44) no longer holds and a special treatment is required. We shall deal with such a situation
later on.
Consider now the case when c0n is away from ch0(a). Proceed to the next level of approximation, Eqs. (23)
and (24) for m = 1 areo
oy
h1
p21
 
¼
d1 1
d2  oos0  g
o2
os20
d1
24 35 h1
p21
 
þ 0
F 1
 
; ð48Þ
o
oy
u1
r21
 
¼
D11 C
1
22
D21 þ I o
2
os20
DT11
264
375 u1
r21
 
þ G1
H1
 
; ð49ÞwhereF 1 ¼  oos0 þ g
o2
os20
 
ðcTL1u0 þ bTc r20 þ bh0Þ 
o
os1
þ 2g o
2
os0 os1
 
h0;
G1 ¼ bch1; H1 ¼ LT1 ch1 þ 2
o2u0
os0 os1
:The homogeneous solutions of these equations are the same as the leading-order ones. The particular solu-
tions of Eqs. (48) and (49) take the formh1
p21
 
¼
X8
n¼1
/1n
u1n
 
exp½ikðnTx c0ns0  d1nÞ; ð50Þ
u1
r21
 
¼
X8
n¼1
U1n
S1n
 
exp½ikðnTx c0ns0  d1nÞ: ð51ÞSubstituting Eqs. (50) and (51) into Eqs. (48) and (49) yields,1 þ n2 1
gc20n þ ic0n=k  ,2 ,1 þ n2
 
ik/1n
u1n
 
¼
0
ð1 2ikgc0nÞ/0n
od1n
os1
þ f1n
24 35; ð52Þ
A1 þ n2I C122
A2  c20nI AT1 þ n2I
" #
ikU1n
S1n
 
¼
bc/1n
2ikc0n
od1n
os1
U0n þ h1n
24 35; ð53Þ
wheref1n ¼ c0n 1 ikgc0nð Þ ikcTM1U0n þ bTc S0n þ b/0n
 
; h1n ¼MT1 c/1n:
The determinants of the coeﬃcient matrices in Eq. (52) for n = 1,2, . . . , 6 and in Eq. (53) for n = 7,8 are
nonzero. Eqs. (52) and (53) in these cases are readily solved. Yet the determinant of the coeﬃcient matrix
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(53) in these cases are solvable if and only if the nonhomogeneous terms of these equations satisfy certain solv-
ability conditions (Nayfeh, 1981; Tarn, 1994; Tarn and Wang, 1994). The multiple time scales introduced in
the formulation provide us the ﬂexibility to satisfy the solvability conditions so as to ensure a uniform expan-
sion that leads to a valid asymptotic solution free of secular terms. Had we used a straightforward expansion
with a single time scale, the nonhomogeneous terms in Eqs. (52) and (53) would have been completely known
from the leading-order approximation, then there is no way to satisfy the solvability conditions and the expan-
sion is bound for failure.
The solvability condition of Eq. (52) (see Appendix) yieldsd1n ¼ c1ns1 þ d2nðs2; s3; . . .Þ; c1n ¼  f1nð1 2ikgc0nÞ/0n
; ð54Þfor n = 7,8, where d2n is an unknown function of s2,s3, . . . to be determined at the subsequent levels. The
denominator is nonzero for k > kcr.
The solvability condition of Eq. (53) (see Appendix) yieldsd1n ¼ c1ns1 þ d2nðs2; s3; . . .Þ; c1n ¼  ½/1nb
T
2 ðA1 þ n2IÞ þ hT1nU0n
2ikc0n
; ð55Þfor n = 1,2, . . . , 6.
Carry on in a similar way, the particular solutions to Eqs. (23) and (24) for m = 2 take the formh2
p22
 
¼
X8
n¼1
/2n
u2n
 
exp½ikðnTx c0ns0  c1ns1  d2nÞ; ð56Þ
u2
r22
 
¼
X8
n¼1
U2n
S2n
 
exp ikðnTx c0ns0  c1ns1  d2nÞ
	 

: ð57ÞSubstituting Eqs. (56) and (57) into Eqs. (23) and (24) for m = 2 leads to,1 þ n2 1
gc20n þ ic0n=k  ,2 ,1 þ n2
 
ik/2n
u2n
 
¼
0
ð1 2ikgc0nÞ/0n
od2n
os2
þ f2n
24 35; ð58Þ
A1 þ n2I C122
A2  c20nI AT1 þ n2I
 
ikU2n
S2n
 
¼
bc/2n
2ikc0n
od2n
os2
U0n þ h2n
24 35; ð59Þ
wheref2n ¼ c1n½ð1 2ikgc0nÞðikcTM1U0n þ bTc S0n þ b/0n þ /1nÞ  ikgc1n/0n
þ c0nð1 ikgc0nÞðikcTM1U1n þ bTc S1n þ b/1nÞ;
h2n ¼MT1 c/2n þ ikc1nð2c0nU1n þ c1nU0nÞ:
Using the solvability conditions of Eq. (58) for n = 7,8 and Eq. (59) for n = 1,2, . . . , 6 yieldsd2n ¼ c2ns2 þ d3nðs3; s4; . . .Þ; n ¼ 1; 2; . . . ; 8; ð60Þ
wherec2n ¼  ½/2nb
T
2 ðA1 þ n2IÞ þ hT2nU0n
2ikc0n
; n ¼ 1; 2; . . . ; 6;
c2n ¼  f2nð1 2ikgc0nÞ/0n
; n ¼ 7; 8:If we stop here, to the second-order approximation the phase velocity and the attenuation rate are given
respectively by the real part and the imaginary part ofcn ¼ c0n þ c1n þ 2c2n þOð3Þ; n ¼ 1; 2; . . . ; 8: ð61Þ
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When c0n in Eq. (53) is close to ch0(a) of Eq. (39), the expansion must be modiﬁed to account for the near-
ness of c0n and ch0(a). To be speciﬁc, we consider the case when c01  ch0(1).
To facilitate the analysis by means of detuning (Nayfeh, 1981), the asymptotic equations are arranged in
such a way that the nonhomogeneous term due to the thermal excitation appears at O(). Thus, the lead-
ing-order equations areo
oy
h0
p20
 
¼
d1 1
d2  oos0  g
o2
os20
d1
24 35 h0
p20
 
; ð62Þ
o
oy
u0
r20
 
¼
D11 C
1
22
D21 þ I o
2
os20
DT11
264
375 u0
r20
 
; ð63Þwith the solutions same as Eqs. (36) and (37),½ h0 p20  ¼ ½/0 u0  exp½ikðnTx ch0ð1Þs0  dh1Þ; ð64Þ
½ u0 r20  ¼ ½U0 S0  exp½ikðnTx c01s0  d1Þ; ð65Þwhere dh1 and d1 are unknown functions of s1,s2, . . .
The equations for m = 1 areo
oy
h1
p21
 
¼
d1 1
d2  oos0  g
o2
os20
d1
24 35 h1
p21
 
þ 0
F 1
 
; ð66Þ
o
oy
u1
r21
 
¼
D11 C
1
22
D21 þ I o
2
os20
DT11
264
375 u1
r21
 
þ G1
H1
 
; ð67ÞwhereF 1 ¼  oos0 þ g
o2
os20
 
cTL1u0 þ bTc r20 þ bh0
  o
os1
þ 2g o
2
os0 os1
 
h0;
G1 ¼ bcð1h0 þ h1Þ; H1 ¼ LT1 cð1h0 þ h1Þ þ 2
o2u0
os0 os1
:The homogeneous solutions of Eqs. (66) and (67) are the same as Eqs. (64) and (65). The particular solution
of Eq. (66) takes the formh1 p21½  ¼ /1 u1½  exp½ikðnTx ch0ð1Þs0  dh1Þ: ð68Þ
To express the nearness of c01 to ch0(1), let us introduce a detuning parameter r deﬁned bych0ð1Þ ¼ c01 þ r; ð69Þ
so thatðch0ð1Þ  c01Þs0 ¼ rs1: ð70Þ
Substituting Eq. (68) into Eq. (66) and using Eqs. (69) and (70) leads to,1 þ n2 1
gc2h0ð1Þ þ ich0ð1Þ=k  ,2 ,1 þ n2
" #
ik/1
u1
 
¼ 0
f1
 
; ð71Þ
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þ /0 ch0ð1Þð1 ikgch0ð1ÞÞbþ ð1 2ikgch0ð1ÞÞ
odh1
os1
 
:Since the determinant of the coeﬃcient matrix in Eq. (71) is zero, the nonhomogeneous equation is solvable
if and only if the solvability condition f1 = 0 is satisﬁed. There followsodh1
os1
¼ A exp½ikðdh1  d1Þ expðikrs1Þ  C; ð72ÞwhereA ¼ ikc01ð1 ikgc01Þ½b
T
2 ðA1 þ n2IÞ þ cTM1U0
ð1 2ikgch0ð1ÞÞ/0
; C ¼ ch0ð1Þð1 ikgch0ð1ÞÞb
1 2ikgch0ð1Þ :Upon substituting Eq. (72) in Eq. (71), the equation is solvable and admits the solution½/1 u1  ¼ ½ ,1 þ n2 ikðgc2h0ð1Þ þ ich0ð1Þ=k  ,2Þ : ð73Þ
The particular solution of Eq. (67) takes the formu1
r21
 
¼ U1
S1
 
exp½ikðnTx c01s0  d1Þ: ð74ÞSubstituting Eq. (74) in Eq. (67) yieldsA1 þ n2I C122
A2  c201I AT1 þ n2I
" #
ikU1
S1
 
¼ g1
h1
 
; ð75Þwhereg1 ¼ 1bc/0 exp½ikðdh1  d1Þ expðikrs1Þ;
h1 ¼ 1MT1 c/0 exp½ikðdh1  d1Þ expðikrs1Þ þ 2ikc01
od1
os1
U0:The determinant of the coeﬃcient matrix is zero so that the nonhomogeneous term of Eq. (75) must satisfy
a solvability condition, giving rise tood1
os1
¼ B exp½ikðdh1  d1Þ expðikrs1Þ; ð76ÞwhereB ¼ ½b
T
2 ðA1 þ n2IÞ þ cTM1U0/0
2ikc01U
T
0U0
:The coupled nonlinear equations, Eqs. (72) and (76), describe the modulation of the phase angles dh1 and d1
with s1. The analytic solution isdh1 ¼  1
2
ðrþ CÞðs1  dÞ þ ik1 logfcosh½ikDðs1  dÞg þ dh2; ð77Þ
d1 ¼ 1
2
ðr CÞs1 þ ik1 logfðr CÞ cosh½ikDðs1  dÞ þ 2D sinh½ikDðs1  dÞg þ d2; ð78Þwhich gives explicitly the dependence of dh1 and d1 on s1, where dh2 and d2 are unknown functions of s2,s3, . . . ,
andD ¼ 1
2
½ðr CÞ2 þ 4AB1=2; d ¼ 2ðrþ CÞ ½d2  dh2 þ ik
1 logð2AÞ:
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þ exp ik½nTx ðc01 þ k2Þsþ Dd  d2g þOð2Þ; ð79Þ
½ u r2  ¼ ½U0 S0  þ ½U1 S1 ð Þfk2 exp ik½nTx ðc01 þ k1Þs Dd  d2
þ k1 exp ik½nTx ðc01 þ k2Þsþ Dd  d2g þOð2Þ; ð80Þwherek1 ¼ 1
2
ðr CÞ  D; k2 ¼ 1
2
ðr CÞ þ D:At this stage, the phase velocities and attenuation rates associated with c01 and ch0(1) in case c01  ch0(1) have
been modiﬁed to the real parts and imaginary parts of c01 +  k1 and c01 + k2, respectively.
6. Results and discussion
In the computation the plane harmonic waves are assumed to propagate in the direction of
n ¼ ð1= ﬃﬃﬃ3p ; 1= ﬃﬃﬃ3p ; 1= ﬃﬃﬃ3p Þ. As stated in Section 3, the coupling parameter  for common metals and typical uni-
directional Gr/Ep composites is a small quantity, being of the order 102, it is expected that the thermome-
chanical coupling in these materials is not remarkable and the leading-order approximations with minor
modiﬁcations may be suﬃciently accurate. Indeed, numerical results by using the material properties of
Gr/Ep ( = 6.55 · 103) as given in Section 3 show that the ﬁrst-order approximation provides results that
are accurate to the order of 104 compared with the results according to Eq. (27).
Figs. 1–7 show the dispersion curves for the phase velocity (associated with the real part of cn) and the asso-
ciated attenuation rate (associated with the imaginary part of cn) according to various theories, in which GT
denotes generalized thermoelasticity with g = 1, CT coupled thermoelasticity (g = 0), and UT uncoupled ther-
moelasticity ( = 0, g = 0). Note that the scales of the vertical axes in these ﬁgures have been enlarged in order
to show more clearly the diﬀerences of the results. The phase velocities for n = 1,2, . . . , 6 and for n = 7,8 are
associated with the mechanical modes and thermal modes, respectively. In the ﬁgures only the modes c1, c2, c3,
and c7 are shown since the values of ic are complex conjugate with icnþ3 ¼ icn (n = 1,2,3) and ic8 ¼ ic7. The
mechanical mode c1 corresponds to the quasi-longitudinal wave and c2, c3 correspond to the quasi-transverse
waves. The phase velocity c3 is real and independent of k, and the associated mode is not coupled with the
thermal ﬁeld. As the wave number k tends to inﬁnity, the phase velocities of mechanical modes based on cou-
pled thermoelasticity converge to those based on uncoupled thermoelasticity, and all the phase velocities based100 101 102 103
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Fig. 1. Dispersion curves for the phase velocity of c1.
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Fig. 2. Dispersion curves for the attenuation rate of c1.
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Fig. 3. Dispersion curves for the phase velocity of c2.
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k!1 in Eq. (26). In addition, the attenuation rates of the mechanical modes based on coupled thermoelas-
ticity and generalized thermoelasticity vanish as the wave number k tends to inﬁnity. Since the thermal wave is
absent according to coupled thermoelasticity, Fig. 6 presents only the phase velocity of c7 based on generalized
thermoelasticity. Fig. 7 shows that the attenuation of the thermal mode based on coupled thermoelasticity
tends to inﬁnity as the wave number increases. This is not the case for generalized thermoelasticity. Since
the thermomechanical coupling is weak,  being of the order 102, the results based on coupled thermoelas-
ticity and generalized thermoelasticity are very close within the order 103, suggesting the thermal relaxation is
insigniﬁcant in this case.
In order to examine the performance of the asymptotic analysis, we have computed the results for an iso-
tropic material and an orthotropic material with assumed material properties. For the isotropic material we
assume Poisson’s ratio m = 0.3 and the other material constants being normalized to unit through nondimen-
sionalization according to Eq. (13). For the orthotropic material we assume EL = 25ET, GLT = 0.5ET,
GTT = 0.2ET, mLT = mTT = 0.25, aT = 3aL, kL = 3kT, where the subscripts L and T indicate the longitudinal
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Fig. 4. Dispersion curves for the attenuation rate of c2.
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H.-H. Chang, J.-Q. Tarn / International Journal of Solids and Structures 44 (2007) 956–975 971and transverse directions, respectively. The coupling parameter  is assumed to be 0.1, which is more than an
order of magnitude larger than those of common materials. The wave number k = 1 > kcr is taken for com-
putation. The phase velocities and attenuation rates are computed for the dimensionless thermal relaxation
time g being 0 (classical thermoelasticity) and 0.5 (generalized thermoelasticity).
Tables 1–4 show the convergence of the asymptotic solutions in comparison with the results according to
Eq. (27). Accurate results are obtained by carrying out the analysis to the second-order level. The convergence
of the solutions for g5 0 is relatively slow compared with those for g = 0. The diﬀerences of results based on
generalized thermoelasticity and classical thermoelasticity are more appreciable. In the case of the orthotropic
material, for example, the diﬀerence of c1 is 3.4%. The results based on uncoupled thermoelasticity are given
by the 0-order solutions, which consist of three pairs of real-valued c for the mechanical modes and one pair
of complex-valued c for the thermal modes. The value of c7 is purely imaginary for g = 0 so that the thermal
ﬁeld decays exponentially with time without exhibiting wave characteristics. At the higher-order levels the val-
ues of c are complex or purely imaginary and the mechanical modes attenuate with time. For isotropic mate-
rials the transverse waves do not interact with the thermal ﬁeld, in accordance with Eq. (31). In anisotropic
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Table 1
Nondimensional phase velocities of the isotropic material (g = 0)
c1, c4 c2, c5 c3, c6 c7
Eq. (27) ±1.0256  i0.0250 ±0.5345 ±0.5345 i0.9501
e0 ±1.0000 ±0.5345 ±0.5345 i1.0000
e1 ±1.0250  i0.0250 ±0.5345 ±0.5345 i0.9500
e2 ±1.0256  i0.0250 ±0.5345 ±0.5345 i0.9500
Table 2
Nondimensional phase velocities of the isotropic material (g = 0.5)
c1, c4 c2, c5 c3, c6 c7, c8
Eq. (27) ±1.0320  i0.0413 ±0.5345 ±0.5345 ±0.9777  i0.9587
e0 ±1.0000 ±0.5345 ±0.5345 ±1.0000  i1.0000
e1 ±1.0300  i0.0400 ±0.5345 ±0.5345 ±0.9800  i0.9600
e2 ±1.0317  i0.0413 ±0.5345 ±0.5345 ±0.9780  i0.9587
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Table 3
Nondimensional phase velocities of the orthotropic material (g = 0)
c1, c4 c2, c5 c3, c6 c7
Eq. (27) ±3.0326  i0.0950 ±0.8298  i0.0092 ±0.6360  i1.4584
e0 ±2.8568 ±0.8244 ±0.6360  i1.6667
e1 ±3.0292  i0.1006 ±0.8293  i0.0098 ±0.6360 i1.4459
e2 ±3.0332  i0.0954 ±0.8298  i0.0092 ±0.6360 i1.4574
e3 ±3.0327  i0.0949 ±0.8298  i0.0092 ±0.6360 i1.4586
e4 ±3.0326  i0.0950 ±0.8298  i0.0092 ±0.6360 i1.4584
Table 4
Nondimensional phase velocities of the orthotropic material (g = 0.5)
c1, c4 c2, c5 c3, c6 c7, c8
Eq. (27) ±3.1403  i0.0531 ±0.8279  i0.0135 ±0.6360 ±1.3648  i0.9334
e0 ±2.8568 ±0.8244 ±0.6360 ±1.5275  i1.0000
e1 ±3.1543  i0.0786 ±0.8267  i0.0139 ±0.6360 ±1.3548  i0.9074
e2 ±3.1441  i0.0460 ±0.8279  i0.0136 ±0.6360 ±1.3609  i0.9404
e3 ±3.1374  i0.0533 ±0.8279  i0.0135 ±0.6360 ±1.3677  i0.9331
e4 ±3.1410  i0.0540 ±0.8279  i0.0135 ±0.6360 ±1.3640  i0.9325
e5 ±3.1404  i0.0526 ±0.8279  i0.0135 ±0.6360 ±1.3647  i0.9339
e6 ±3.1401  i0.0531 ±0.8279  i0.0135 ±0.6360 ±1.3650  i0.9334
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ropy and the propagation direction n.
7. Concluding remarks
We have presented a state space formalism for generalized thermoelasticity accounting for thermal relax-
ation, in which the state equation and boundary conditions are expressed neatly in terms of the direct physical
variables, making it relatively easy to determine the solution for a speciﬁc problem in the state space setting.
For weak thermomechanical coupling, a solution method by means of perturbation with multiple scales has
been developed. The method enables us to determine asymptotic solutions for thermoelastic problems using
the two-step procedure of uncoupled thermoelasticity in succession.
It is known that there exist various versions of the modiﬁed Fourier law of heat conduction. To be speciﬁc,
we have developed the formalism on the basis of Eq. (2). A more general expression may be written in the form
of the convolution integral in which a heat ﬂux relaxation function f(n  t) takes the place of the exponential
function in Eq. (3). Following the same line, the equations of thermoelasticity including such a modiﬁed Fou-
rier law can be formulated in the state space setting as well.
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Appendix. Solvability condition
Consider the system of equationsAX ¼ b; ðA:1Þ
where the coeﬃcient matrix A and the vector b may be real or complex.
When detA = 0, the homogeneous system (b = 0) of Eq. (A.1) has a nontrivial solution, hence the nonho-
mogeneous system (b5 0) has a bounded solution if and only if the nonhomogeneous term b satisﬁes the solv-
ability condition as derived below.
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whereJ ¼ 0 I
I 0
 
; JJ ¼ I:Post-multiplying the transpose of Eq. (A.1) by JY, we obtainXTATJY ¼ bTJY; ðA:3Þ
where Y is a nonzero vector to be determined shortly.
When b = 0, X5 0 since detA = 0, there followsATJY ¼ 0: ðA:4Þ
Upon pre-multiplying Eq. (A.4) by J and using Eqs. (A.2) and (A.4) reduces toAY ¼ 0; ðA:5Þ
so that Y is the nontrivial solution for the homogeneous system of Eq. (A.1).
Substituting Eq. (A.4) in Eq. (A.3) yields the solvability condition for Eq. (A.1):bTJY ¼ 0: ðA:6Þ
For the equations of concern, Y is the nontrivial solution of Eq. (38) for n = 7,8 and the nontrivial solution
of Eq. (41) for n = 1,2, . . . , 6. There follow the solvability condition of Eq. (52) for n = 7,8:ð1 2ikgc0nÞ/0n
od1n
os1
þ f1n ¼ 0; ðA:7Þand the solvability condition of Eq. (53) for n = 1,2, . . . , 6:/1nb
T
2 ðA1 þ n2IÞU0n þ 2ikc0n
od1n
os1
UT0n þ hT1n
 
U0n ¼ 0: ðA:8ÞReferences
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